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The introduction of the weight function theory is ascribable to
Bueckner (1970) (2D) and Rice (1985) (3D) and is a milestone in
fracture mechanics. Weight ‘‘functions’’ are displacement solutions
of the linear elastic fracture mechanics boundary value problem in
a distributional sense. Nine components hijðP; sÞ provide the mode-i
stress intensity factor (SIF) at location s along the crack front in-
duced by a unit Dirac delta body force in direction j located at an
arbitrary point P of the body. As such, the work-like product of
an arbitrary set of body forces with the weight functions gives
the crack tip SIFs induced by those forces. Weight functions ap-
proach provided fundamental theoretical results as well as numer-
ical estimations. They have been used largely in three dimensional
elastic crack analysis, in the context of conﬁgurational stability,
crack growth and trapping prediction, SIFs expansion, perturbation
approaches, interactions with dislocations and other defects.
The present note deals with cracks C lying in a plane x; z. For its
purposes the knowledge of weight functions hij is not mandatory. It
sufﬁces to know their jump across the crack at a point P 2 C, that is
referred to Rice (1989) as the crack face weight functions kij, deﬁned
by
kijðP; sÞ ¼ lim
e!0þ
hijðP þ ee2; sÞ  hijðP  ee2; sÞ
  ð1Þ
e2 being the unit vector of axis y. Crack face weight functions, col-
lected in matrix K ¼ ½kij, are endowed with analogous propertiesof hij. In particular, for a crack C of arbitrary shape pressurized by
tractions t at point P ¼ ðx; zÞ, the SIFs along the crack front can be
evaluated by integral
KiðsÞ ¼
Z
C
kijðP; sÞ tjðPÞdxdz ð2Þ
SIFs will be collected in vector K ¼ fKig. According to (2), crack face
weight functions kijðP; sÞ are deﬁned as the i-th SIF at point s of the
crack front F  @C resulting from application of a pair of opposite
unit point forces equal to ej on the upper (+) and lower () crack
surfaces at point P. Moreover, if the crack front is extended normal
to itself (Rice, 1989) by a ‘‘smooth’’ variation daðsÞ under ﬁxed load-
ing conditions then the variation dw of the displacement jump w
across the crack faces (i.e. the opening and sliding relative displace-
ments) reads
dwðPÞ ¼ 2
Z
F
KðP; sÞKKðsÞdaðsÞds ð3Þ
to the ﬁrst order in da. The non vanishing components of matrix
K ¼ ½Kij in Eq. (3) read:
K11 ¼ K22 ¼ 1 m
2
E
; K33 ¼ 1þ mE
for an isotropic material (E = Young modulus, m = Poisson ratio).
Outcomes (2) and (3) can be attributed to Rice. They are discussed
in Rice’s (1989) celebrated paper. In the same paper the reader can
ﬁnd some examples of crack face weight functions for cracks in un-
bounded isotropic solids, that will be put to use in the rest of the
paper.
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P by moving into the crack zone a small perpendicular distance q
from s0. The ratio
KðP; s0Þﬃﬃﬃqp
has a well deﬁned limit as q! 0. A representation formula for the
crack-face weight functions KðP; s0Þ holds – see for instance
(Lazarus, 2011)
KðP; s0Þ ¼
ﬃﬃﬃﬃﬃﬃ
2q
p
p
ﬃﬃﬃ
p
p 1
D2ðP; s0ÞW
CðP; s0Þ ð4Þ
where DðP; s0Þ stands for the distance between point P and location
s0 along the crack front. Since tensile and shear problems are uncou-
pled for a planar crack in an inﬁnite body, components of matrix
WCðP; s0Þ ¼ ½WCij  are such that
WC12 ¼WC13 ¼WC21 ¼WC31 ¼ 0
whatever the shape of the crack front. Such a property reﬂects on
crack face weight functions in view of identity (4).
Matrix WCðP; s0Þ has a well-deﬁned positively homogeneous of
degree 0 limit, denoted by
WF ðs; s0Þ ¼ lim
q!0
WCðP; s0Þ
ComponentsWFij of matrixW
F ðs; s0Þ are termed fundamental kernels.
They in fact depend on the crack front shape F but apex F will be
omitted from now on when not mandatory for the sake of clearness.
The symmetry property KWðs; s0ÞKT ¼WTðs0; sÞ holds for funda-
mental kernels and isotropic materials.
Leblond and coworkers (Leblond, 1999a; Leblond et al., 1999b)
have shown that the limit of WF when s0 ! s is universal, in the
sense that Wijðs; sÞ do not depend on the geometry. The values of
Wijðs; sÞ are summarized in Lazarus (2011), formula (15).
The expansion of SIFs K along a crack front after an arbitrary
inﬁnitesimal propagation da was dealt with by Leblond and
coworkers in two-dimensions (Leblond, 1989; Amestoy and
Leblond, 1992) as well as in three-dimensions (Leblond, 1999a;
Leblond et al., 1999b). The latter heavily relies on crack-face
weight functions but, contrarily on the question of stability of
straight or circular cracks (Gao and Rice, 1986, 1987a,b), it does
not require the complete knowledge of those functions, which
are indeed generally unknown. Moving from Rice’s work, an
expression of the ﬁrst order operator
dKðF ; sÞ ¼ Kð1Þ½F ; daðs0Þ ð5Þ
that relates the variation of SIFs at location s to the ﬁrst order var-
iation daðs0Þ of the whole crack front F under ﬁxed loading condi-
tions was derived in Leblond et al. (1999b). By omitting from now
on the explicit dependency on F for the sake of readiness, operator
Kð1Þ was expressed as
Kð1Þ½da  ¼ Kð1Þ0 daðsÞ þ Kð1Þ1
@ daðsÞ
@s
þ Kð1Þnl ½daðs0Þ  daðsÞ  ð6Þ
where vector Kð1Þ0 accounts for the locally linear contribution of
daðsÞ to the variation of SIFs at s, whereas vector Kð1Þ1 conveys the
inﬂuence of derivative of daðsÞ with respect to the abscissa s on
the crack front. Finally Kð1Þnl ½   is the non local operator that provides,
once applied to daðs0Þ  daðsÞ the contribution of the ﬂuctuation of
crack advancing at s0 to SIFs at s. A similar result, that of course re-
vealed to be much easier and local in nature, was earlier (Amestoy
and Leblond, 1992) proposed in two-dimensions. Details on the def-
initions of the operators involved in Eq. (6) can be found in Section 3
of Salvadori and Fantoni (2013a).More recently Salvadori and Fantoni (2013), Authors extended
to three dimensional elastic cracks two variational statements for
the crack growth in a two-dimensional setting (Salvadori and
Carini, 2011). In order to extend the formulation to three dimen-
sions, a property of symmetry that involves the ﬁrst-order operator
Kð1Þ½was shown. Focusing on planar cracks that propagate in their
own plane (as for delaminations, for instance) such a property
stems from the deﬁnition of the afﬁne operator N½
N½da  ¼ KKðsÞ  Kð1Þ½daðs0Þ  ð7Þ
and states that the Gateaux derivative of N, deﬁned by virtue of
e 2 R as:
N0da½u  ¼
dN½daþ eu
de

e¼0
¼ KKðsÞ  Kð1Þ½uðs0Þ  ¼ N½u  ð8Þ
is symmetric with respect to the usual bilinear form, namely:Z
F
N0da½u v ds ¼
Z
F
N0da½v u ds ð9Þ
In the formulae above, u and v are variations for da along the crack
front. The physical meaning of the symmetry property is evident by
noting that N0da½u is the energy release rate associated to elongation
u at constant boundary conditions (see Salvadori and Fantoni,
2013a for details). The symmetry property seems therefore quite
natural if one thinks the energy release rate as the derivative of
the energy. Nevertheless, it was not straightforward to envisage
symmetry from the deﬁnition (6) of linear operator Kð1Þ½  . On the
contrary, term by term unsymmetry is apparent and to prove sym-
metry a different path of reasoning, based on the physical meaning
of the operator itself, was followed (Salvadori and Fantoni, 2013a).
Symmetry is a property so closely related to the notion of energy
to infer an operator its intimate character. Having at hand the sym-
metric operator Kð1Þ½   and being merely capable to express it as
the sum (6) of unsymmetric factors – so that its inborn symmetry
is not any longer envisaged – is quite disappointing and compel to
seek for alternative forms.
Exploiting condition (9) two variational statements were
proved in the range of stable crack growth for 3D linear elastic frac-
ture mechanics. Summarized in Section 4, they are reminiscent of
Ceradini’s theorems for plasticity and characterize propagation
daðsÞ that solves the global quasi static fracture propagation prob-
lem as the unique minimizer of linearly constrained quadratic
functionals. Uniqueness is a consequence of the adopted SIFs
expansion and can be avoided only by using expansions for
branched elongations. Although the formulation is complete, the
form (6) of operator Kð1Þ½da  is so involved that an effective imple-
mentation of crack tracking strategies may reveal not
straightforward.
The two evidences above inspire the present note. The complex
form (6) originates from a fundamental hypothesis about weight
functions theory that was made in the seminal paper of Rice
(1989) and has been kept afterward, to the best of Authors knowl-
edge. In setting up the formalism for calculating variations in the
SIFs along a crack front to the ﬁrst order accuracy in the advance
daðsÞ, a location along the front (say s1) has been assumed to be
steady, i.e., daðs1Þ ¼ 0. By this assumption, the limit to the bound-
ary process leads to a principal value interpretation of the integrals
involved. The drawbacks of such a hypothesis have been circum-
vented by means of two different strategies (accurately reviewed
in Lazarus, 2011, p. 126): one can either consider a translatory mo-
tion that brings point s1 to the correct ﬁnal position (Rice, 1989) or
one can decompose the normal advance into a uniform advance
plus the remaining part (Leblond et al., 1999b). The two ap-
proaches give complete generality to the formalism for calculating
variations in the SIFs along a crack front, at the price of the
Fig. 1. Semi inﬁnite plane crack loaded by a pair of equal and opposite normal forces P applied to the crack surfaces at a distance a from the crack front. Field point Q is
deﬁned at coordinates fx;0; zg whereas Q 0 is the orthogonal projection of point Q onto the crack front.
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domains and associated boundary conditions have to be consid-
ered, the increase of the SIFs due to the additional motion pertain-
ing to the two strategies described above may be of the same order
of the one due to the change in shape of the crack front.
Under some of the assumptions here taken – a planar crack with
coplanar extension – a further evolution of Leblond general Eq. (6)
was achieved in Favier et al. (2006) (formula (12) therein), still
keeping the assumption of one ﬁxed point along the crack front.
In the present paper a different approach is pursued and the
hypothesis of steady location – and consequently the ones intro-
duced at a later stage to circumvent the resulting limitations –
are removed in full. The limit to the boundary process does not
lead to a Cauchy principal value interpretation of integrals in-
volved anymore, and the more general concept of ﬁnite part of
Hadamard is invoked. Similarities between formula (12) in Favier
et al. (2006) and formula 42 in Section 3 are evident, but the latter
expression shows the desirable symmetric structure. While likely
making the picture less simple, the ﬁnal formalism is indeed much
more vivid, leads to an easy proof of symmetry for operator Kð1Þ½,
can be applied to ﬁnite bodies, and envisages an effective formula-
tion of crack tracking algorithms provided that an accurate approx-
imation of weight functions (Morawietz et al., 1985) can be given.1 In this overview merely!2. Semi inﬁnite plane crack
With the aim of intelligibility, the general path of reasoning of
the paper will be illustrated ﬁrst on the straightforward case of a
semi inﬁnite plane crack loaded by a pair of equal and opposite
normal forces P applied on the crack surfaces at a distance a from
the crack front, see Fig. 1. The procedure will be detailed and fur-
ther extended to the case of generic plane cracks under mode 1
loading in Section 3.
Analytical solution – The mode 1 loading problem of a semi inﬁ-
nite plane crack loaded by a pair of equal and opposite normal
forces P has been solved analytically (Sih and Liebowitz, 1968;
Kassir and Sih, 1975). The opening wðQÞ at point Qðx; zÞ for any
x < 0 reads:
wðQ ; aÞ ¼ 21 m
l
P
p2
1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðxþ aÞ2 þ z2
q arctan 2
ﬃﬃﬃﬃﬃﬃﬃﬃ
ajxjpﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðxþ aÞ2 þ z2
q
2
64
3
75
ð10Þ
and admits the following expansion about the crack front for x < 0:wðQ ; aÞ ¼ ð1 mÞP
p2l
4
ﬃﬃﬃ
a
p
a2 þ z2ð Þ
ﬃﬃﬃﬃﬃ
jxj
p
 8a
3=2
3 a2 þ z2ð Þ2
jxj3=2
" #
þ Oðjxj52Þ
ð11Þ
which is a truncation of the classical expansion (Hartranft and Sih,
1969) in the normal plane:
wðQ ; aÞ ¼
X1
n¼0
Nnðz; aÞjxjn
ﬃﬃﬃﬃﬃ
jxj
p
ð12Þ
The outline of the opening is plot in Fig. 2a. Owing to the well
known relationship:
N0ðz; aÞ ¼ 1 ml
4ﬃﬃﬃﬃﬃﬃ
2p
p K1ðz; aÞ ð13Þ
the ﬁrst order term in expansion (11) leads to the identity
K1ðzÞ ¼
ﬃﬃﬃ
2
p
p
ﬃﬃﬃ
p
p
ﬃﬃﬃ
a
p
a2 þ z2 P ð14Þ
A propagation without steady locations – In order to extend Rice’s
approach in the simplest case, an ‘‘unrealistic’’ but uniform propa-
gation is considered. Outcome (21) will be proved, as it extends
Rice’s formula (63) in Rice (1989) for the straightforward case at
hand.
The crack remains plane during its propagation, even if the
shape of its front will change from the straight initial conﬁguration.
As mentioned, this scenario will not be considered in this overview.
On the contrary1 interest is focused on a z-independent propagation of
the whole crack front as if the distance a becomes aþ da for all abscis-
sae s0 along the crack front. Bearing in mind that the amount xþ a re-
mains unchanged at any point Q, it is straightforward to show that
dwðQ ; aÞ ¼ wðQ ; aþ daÞ wðQ ; aÞ
¼ 21 m
l
P
p2
a x
ðxþ aÞ2 þ z2
1ﬃﬃﬃﬃﬃﬃﬃﬃ
ajxjp daþ oðdaÞ ð15Þ
at any x < 0.
By means of the crack-face weight function
k1yðx; z; s0Þ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃ
2jxjp
p
ﬃﬃﬃ
p
p 1
x2 þ ðs0  zÞ2
ð16Þ
which is available for the straightforward crack front shape at hand
– see Rice (1989) formula (36), outcome (15) is obtained also from
integral (3):
z=1
z=2
z=3
z=0
5 4 3 2 1 0
x
0.05
0.10
0.15
0.20
0.25
w x,z
6 4 2 0 2 4 6
z
0.01
0.02
0.03
0.04
0.05
0.06
K1 z
(a) (b)
Fig. 2. (a) Outline of the upper half of the opened semi inﬁnite plane crack under mode 1 point force loading acting at a ¼ 4, z ¼ 0. As expected, opening is not bounded under
the point load. (b) Plot of K1ðzÞ along the crack front.
2
A. Salvadori, F. Fantoni / International Journal of Solids and Structures 51 (2014) 1030–1045 1033dwðQ ; aÞ ¼ 1 ml
Z þ1
1
k1yðx; z; s0ÞK1ðs0Þdaðs0Þds0 ð17Þ
to the ﬁrst order in da.
The term N0ðz; aÞ was used by Rice in formula (61) of Rice
(1989) to express the ﬁrst order variation
dwðQ ; aÞ ¼ 41 m
l
1ﬃﬃﬃﬃﬃﬃ
2p
p
ﬃﬃﬃﬃﬃ
jxj
p
dK1ðzÞ
under the assumption that daðQ 0Þ ¼ 0, with Q 0 orthogonal projec-
tion of point Q along the crack front – see Fig. 1. Such an assump-
tion, that is not inborn in the integral formulation (17), cannot be
pursued in the present example however, as distance jxj from the
crack front becomes jxj þ da and linear terms in da come into play
from the higher order terms of the expansion (12):
wðQ ; aþ daÞ ¼
X1
n¼0
Nnðz; aþ daÞðjxj þ daÞn
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
jxj þ da
p
¼
X1
n¼0
Xn
k¼0
n
k
 
jxjnkdak Nnðz; aÞ þ @Nn
@a

a
da
 

ﬃﬃﬃﬃﬃ
jxj
p

ﬃﬃﬃﬃﬃjxjp
2x
da
 !
þ oðdaÞ ð18Þ
whence:
dwðQ ; aÞ ¼
ﬃﬃﬃﬃﬃ
jxj
p
N0ðz; aÞ
2x
þ @N0
@a

a
þ 3
2
N1ðz; aÞ
 	
da
þ jxj
ﬃﬃﬃﬃﬃ
jxj
p @N1
@a

a
þ
X1
n¼2
Nnðz; aÞ jxj
n1
2x
þ njxjn2
 !"(
þ @Nn
@a

a
jxjn1

	
daþ oðdaÞ ð19Þ
By comparing the latter with (17), after dividing both sides by
ﬃﬃﬃﬃﬃjxjp
and taking the limit x! 0, it comes out:
@N0
@a

a
ðz; aÞ ¼ lim
x!0
N0ðz; aÞ
2x
 3
2
N1ðz; aÞ þ 1 ml
1ﬃﬃﬃﬃﬃjxjp
"

Z þ1
1
k1yðx; z; s0ÞK1ðs0Þds0


ð20Þ
i.e., in view of (13), (16)
dK1ðz; aÞ ¼ lim
x!0
K1ðzÞ
2x
þ
ﬃﬃﬃﬃﬃﬃ
2p
p
4
Z þ1
1
k1yðx; z; s0Þﬃﬃﬃﬃﬃjxjp K1ðs0Þds0
" #(
 l
1 m
ﬃﬃﬃﬃﬃﬃ
2p
p
4
3
2
N1ðz; aÞ
)
da ð21ÞDeﬁne function Dðz; s0Þ as the cartesian distance between locations
z and s0 and Wðz; s0Þ, termed fundamental kernel (Lazarus, 2011),
by the limit
Wðz; s0Þ ¼ p
ﬃﬃﬃ
p
2
r
D2ðz; s0Þ lim
x!0
k1yðx; z; s0Þﬃﬃﬃﬃﬃjxjp ð22Þ
which is known to be ﬁnite in general and in particular for the semi
inﬁnite plane crack under mode 1 loading because of (16). Further-
more, one has:
lim
x!0
Z þ1
1
k1yðx; z; s0Þﬃﬃﬃﬃﬃjxjp K1ðs0Þds0 ð23Þ
¼
ﬃﬃﬃ
2
p
p
ﬃﬃﬃ
p
p
Z þ1
1
Wðz; s0Þ
D2ðz; s0Þ K1ðs
0Þ  K1ðzÞ  @K1
@s0

z
ðs0  zÞ
 
ds0
þ K1ðzÞ lim
x!0
Z þ1
1
k1yðx; z; s0Þﬃﬃﬃﬃﬃjxjp ds0
þ @K1
@s0

z
lim
x!0
Z þ1
1
k1yðx; z; s0Þﬃﬃﬃﬃﬃjxjp ðs0  zÞds0
In view of (16) one has for the case at hand:Z þ1
1
k1yðx; z; s0Þﬃﬃﬃﬃﬃjxjp ds0 ¼ 
ﬃﬃﬃ
2
p
ﬃﬃﬃ
p
p 1
x
;
Z þ1
1
k1yðx; z; s0Þﬃﬃﬃﬃﬃjxjp ðs0  zÞds0 ¼ 0
and (21) turns out to be:
dK1ðz; aÞ ¼ 12p
Z þ1
1
Wðs0; zÞ
D2ðs0; zÞ K1ðs
0Þ  K1ðzÞ  @K1
@s0

z
ðs0  zÞ
 
ds0
"
 l
1 m
3
ﬃﬃﬃﬃﬃﬃ
2p
p
8
N1ðz; aÞ
#
da ð24Þ
Direct substitution provides:
dK1ðzÞ ¼ Pﬃﬃﬃﬃﬃﬃ
2a
p 1
p
ﬃﬃﬃ
p
p z
2  3a2
ða2 þ z2Þ2
da ð25Þ
that conﬁrms the outcome derived directly from (14). In the easy
case of semi inﬁnite plane crack under mode 1 loading, Eqs. (21,
24) extend2 Rice’s formula (63) in Rice (1989), namely:
dK1ðz; aÞ ¼ 12p
Z
-
þ1
1
Wðz; s0Þ
D2ðz; s0Þ K1ðs
0Þdaðs0Þds0 ð26Þin the sense that the steady location hypothesis has been removed.
Fig. 3. An arbitrary plane crack, under the assumption that it evolves merely in its
own plane and in mode 1: notation.
3 In the sequel, ‘‘time’’ stands for any variable which monotonically increases in
hysical time and merely orders events; the mechanical phenomena to study are
me-independent.
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mulated in terms of the ﬁnite part of Hadamard. Such an interpre-
tation is usual in the framework of Boundary Integral Equations
(Salvadori, 2010) and shows the intimate nature of the limit pro-
cess established in Rice (1989) in the general case, i.e. when the
hypothesis of steady location has not made recourse to.
To this aim, the ﬁnite part of Hadamard is ﬁrstly deﬁned as fol-
lows. Let e0 > 0; e! IðeÞ denote a complex-valued function which
is continuous in 0; e0 and assume that
IðeÞ ¼ I0 þ I1 logðeÞ þ
Xm
j¼2
Ij e1j þ oð1Þ; e! 0
where Ij 2 C. Then I0 is called the Hadamard’s ﬁnite part of IðeÞ. In
dealing with integrals, the ﬁnite part I0 of a (usually) divergent
integral
Rþ1
1 /ðtÞdt is denoted by the symbol
þ1
1
/ðtÞdt.
By applying the deﬁnition above to formula (21), it holds:
IðeÞ ¼ lim
e!0þ
Z ze
1
Wðz;s0Þ
D2ðz;s0Þ K1ðs
0Þds0 þ
Z þ1
zþe
Wðz;s0Þ
D2ðz;s0Þ K1ðs
0Þds0
" #
¼
Z þ1
1
Wðz;s0Þ
D2ðz;s0Þ K1ðs
0Þ K1ðzÞ @K1
@s0

z
ðs0  zÞ
 
ds0
þK1ðzÞ lim
e!0þ
Z ze
1
Wðz;s0Þ
D2ðz;s0Þ ds
0 þ
Z þ1
zþe
Wðz;s0Þ
D2ðz;s0Þ ds
0
" #
þ@K1
@s0

z
lim
e!0þ
Z ze
1
Wðz;s0Þ
D2ðz;s0Þ ðs
0  zÞds0 þ
Z þ1
zþe
Wðz;s0Þ
D2ðz;s0Þ ðs
0  zÞds0
" #
¼
Z þ1
1
Wðz;s0Þ
D2ðz;s0Þ K1ðs
0Þ K1ðzÞ @K1
@s0

z
ðs0  zÞ
 
ds0 þK1ðzÞ lim
e!0þ
2
e
ð27Þ
Accordingly (24) can be rephrased as:
dK1ðz;aÞ¼ 12p
þ1
1
Wðz;s0Þ
D2ðz;s0Þ K1ðs
0Þdaðs0Þds0  l
1m
3
ﬃﬃﬃﬃﬃﬃ
2p
p
8
N1ðz;aÞ daðzÞ
ð28Þ
By identifying z with s, Eq. 28 can be compared with (5) and
operator Kð1Þ stated as
Kð1Þ½da ¼ 1
2p
þ1
1
Wðz; s0Þ
D2ðz; s0Þ K1ðs
0Þdaðs0Þds0
 l
1 m
3
ﬃﬃﬃﬃﬃﬃ
2p
p
8
N1ðz; aÞ daðzÞ ð29Þ
Symmetry – From deﬁnition (7) of operator N, it holds
N½da ¼ 1 m
2
E
K1ðzÞ 12p
þ1
1
Wðz; s0Þ
D2ðz; s0Þ K1ðs
0Þdaðs0Þds0
"
 l
1 m
3
ﬃﬃﬃﬃﬃﬃ
2p
p
8
N1ðz; aÞ daðzÞ
#
ð30Þ
and the symmetry (9) of its Gateaux derivative can now be readily
established by the following identity
Rþ1
1 K1ðzÞvðzÞ
þ1
1
Wðz;s0 Þ
D2ðz;s0 Þ K1ðs0Þ; uðs0Þ ds0 dz ¼
Rþ1
1 K1ðzÞuðzÞ
þ1
1
Wðz;s0 Þ
D2ðz;s0 Þ K1ðs0Þ vðs0Þ ds0dz
ð31Þ
In a nutshell thus operator N inherits symmetry from the funda-
mental kernelW (see Rice, 1989). The proof of statement (9) allows
to extend to the three-dimensional case some variational formula-
tions recently established in two dimensions (Salvadori and Carini,
2011).
Outcomes (21), (28), and (31) are the main conceptual results of
the present paper. Their straightforward derivation for the case of asemi inﬁnite plane crack considered in this section will be ex-
tended to generic plane cracks under mode 1 loading. Extension
to more general cases presents some intricate technical issues
and will be the subject of a companion publication.
3. Plane cracks under mode 1 loading
Consider a plane crack conﬁguration, under the assumption that
it evolvesmerely in its own plane and inmode 1 – see Fig. 3. Choose
two locations s and s0 along the crack front F at time3 t. Locate on
FðtÞ a point P by moving into the crack zone a small perpendicular
distance q from s, and a point Q by moving a small distance q0 from
s0. The opening at point P and time t, denoted by wðP; tÞ, admits an
expansion (Hartranft and Sih, 1969) in the normal plane in terms ofq:
wðP; tÞ ¼
X1
n¼0
NnðsÞ qn ﬃﬃﬃqp ð32Þ
At time t þ dt the crack front reshapes, moving to curve Fðt þ dtÞ.
At location s along FðtÞ a never negative elongation daðsÞP 0 takes
place in the normal plane. The opening at point P and time t þ dt
changes, and will be denoted either by wðP; t þ dtÞ or by
wðP; daðsÞÞ. Expansion (18) applies to wðP; daðsÞÞ, if a proper deﬁni-
tion of @Nn
@a

adaðsÞ is set and the variation of the shape of the crack
front F with ‘‘time’’ is taken into account.
The ﬁrst order variation @Nn
@a

adaðsÞ is here deﬁned, in accordance
with Leblond (1999a,b), in the Gateaux differential sense. To this
aim, the daðsÞ is assumed to be the product of a given non-negative
function (say gðsÞP 0) by a small positive real parameter e. The
following notation will be used:
@Nn
@a

a
daðsÞ ¼ @Nn
@e
ðs; egðsÞÞ

e¼0
e ð33Þ
The parameter e can be thought of as some kinematic time and the
function gðsÞ as the corresponding rate of propagation of the crack
front. Eq. (19) can be extended in the following terms:
dwðPÞ ¼ ﬃﬃﬃqp N0ðsÞ
2q
þ @N0
@a

a
þ 3
2
N1ðsÞ
 	
daðsÞ
þ q ﬃﬃﬃqp hðs;q;FÞ daðsÞ þ oðdaÞ ð34Þ
with hðs;q;FÞ bounded at q! 0þ.
One may make the inﬂuence of the crack front F on NnðsÞ expli-p
ti
Fig. 4. A zoom of Fig. 3 about point P. The perpendicular to the new crack front at
location s no longer passes through point P but misses it by a distance qþ daðsÞð Þdh
measured parallel to Fðt þ dtÞ where dh ¼ d½daðsÞ=dsds.
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elongation by daðsÞ, at time t þ dt, the normal plane at abscissa s
can be different from the one before the elongation at time t, see
Fig. 4; this difference impacts on Nnðs;Fðt þ dtÞÞ and ultimately
on wðPÞ. The perpendicular to the new crack front at location s
no longer passes through point P but misses it by a distance
qþ daðsÞð Þdh measured parallel to Fðt þ dtÞ where
dh ¼ d½daðsÞ=dsds. This effect, as noted already by Rice in Rice
(1989), may be included in the analysis, recognizing that dwðPÞ
should be strictly replaced by its value plus ðqþ daðsÞÞdh times
the gradient of dw in the direction parallel to Fðt þ dtÞ. However,
that modiﬁcation gives a term of order q ﬃﬃﬃqp dh, that can be in-
cluded in hðs;q;FÞdaðsÞ in Eq. (34).
In view of Eq. (13) that still holds, Eq. (34) becomes:
dwðPÞ ¼ ﬃﬃﬃqp 1 m
l
4ﬃﬃﬃﬃﬃﬃ
2p
p K1
2q
þ @K1
@a

a
 

þ 3
2
N1ðsÞ
 	
daðsÞ
þ q ﬃﬃﬃqp hðs;q;FÞ daðsÞ þ oðdaÞ ð35Þ
with @K1
@a

a
deﬁned analogously to @Nn
@a

a
in (33). After dividing both
sides by
ﬃﬃﬃqp and taking the limit q! 0þ, one has from (17) and
(35):
dK1ðsÞ ¼ lim
q!0þ
K1ðsÞ
2q
daðsÞ þ
ﬃﬃﬃﬃﬃﬃ
2p
p
4
Z
FðtÞ
k1yðx; z; s0Þﬃﬃﬃqp K1ðs0Þ daðs0Þds0
" #
 l
1 m
3
ﬃﬃﬃﬃﬃﬃ
2p
p
8
N1ðsÞ daðsÞ
ð36Þ
where k1yðx;z;s
0 Þﬃﬃ
q
p has a well deﬁned limit as q! 0þ. By means of repre-
sentation formula (4), the former equation reads
dK1ðsÞ ¼ lim
q!0þ
K1ðsÞ
2q
daðsÞ þ 1
2p
Z
FðtÞ
WCðP; s0Þ K1ðs0Þ daðs0Þ
D2ðP; s0Þ ds
0
" #
 l
1 m
3
ﬃﬃﬃﬃﬃﬃ
2p
p
8
N1ðsÞ daðsÞ
ð37Þ
that extends Rice’s formula (63) in Rice (1989) to the case at hand.
Denoting with
!ðq; s; s0Þ ¼WCðP; s0ÞK1ðs0Þdaðs0Þ
it holds:
dK1ðsÞ ¼ lim
q!0þ
1
2p
Z
F
!ðq; s; s0Þ !ðq; s; sÞ  @!
@s0

sðs0  sÞ
D2ðP; s0Þ ds
0
þ lim
q!0þ
1
2p
WCðP; sÞ
Z
F
1
D2ðP; s0Þ ds
0  1
2q
" #
K1ðsÞdaðsÞ
þ lim
q!0þ
1
2p
@!
@s0

s
Z
F
s0  s
D2ðP; s0Þ ds
0  l
1 m
3
ﬃﬃﬃﬃﬃﬃ
2p
p
8
N1ðsÞ daðsÞ
ð38ÞAs it will be proven in appendix A, the following asymptotics hold:Z
F
1
D2ðP; s0Þ ds
0 ¼ p
q
 cpþ
F
1
D2ðs; s0Þ ds
0 þ oðqÞ ð39Þ
Z
F
s0  s
D2ðP; s0Þ ds
0 ¼
Z
-
F
s0  s
D2ðs; s0Þ ds
0 þ oðqÞ ð40Þ
Furthermore, WCðP; sÞ will be taken sufﬁciently smooth with re-
spect to q, in particular
WCðP; sÞ ¼WF ðs; sÞ þ @W
C
@q

s;s
qþ oðqÞ ¼ 1þ @W
C
@q

s;s
qþ oðqÞ
due to the property WF ðs; sÞ ¼ 1, see Lazarus (2011) formula (15).
As a consequence, singularities cancel out and one ﬁnally has
dK1ðsÞ ¼ 12p
Z
F
!ð0; s; s0Þ !ð0; s; sÞ  @!
@s0

sðs0  sÞ
D2ðs; s0Þ ds
0
þ 1
2p
@!
@s0

s
Z
-
F
s0  s
D2ðs; s0Þ ds
0
þ 1
2p F
1
D2ðs; s0Þ ds
0  c
2
þ 1
2
@WC
@q

s;s
2
4
3
5 K1ðsÞdaðsÞ
 l
1 m
3
ﬃﬃﬃﬃﬃﬃ
2p
p
8
N1ðsÞ daðsÞ ð41Þ
It seems of interest to investigate if formula 41 may be given a
signiﬁcance in terms of ﬁnite part of Hadamard as for Eq. 28. In
view of the outcome:
F
!ð0; s; s0Þ
D2ðs; s0Þ ds
0 ¼
Z
F
!ð0; s; s0Þ !ð0; s; sÞ  @!
@s0

s
ðs0  sÞ
D2ðs; s0Þ ds
0
þ !ð0; s; sÞ
F
1
D2ðs; s0Þ ds
0 þ @!
@s0

s
Z
-
F
s0  s
D2ðs; s0Þ ds
0
it holds
dK1ðsÞ ¼ 12p F
WF ðs0; sÞK1ðs0Þdaðs0Þ
D2ðs0; sÞ ds
0
þ 1
2
@WC
@q

s;s
 c
2
0
@
1
A K1ðsÞdaðsÞ  l1 m 3
ﬃﬃﬃﬃﬃﬃ
2p
p
8
N1ðsÞ daðsÞ
ð42Þ
The symmetry statement (9) can be written in terms of weight
functions. From deﬁnition (7) of operator N, it holds
N½da  ¼ 1 m
2
E
K1ðsÞ 12p F
WF ðs0; sÞK1ðs0Þdaðs0Þ
D2ðs0; sÞ ds
0
"
þ 1
2
@WC
@q

s;s
 c
2
0
@
1
A K1ðsÞdaðsÞ  l1 m 3
ﬃﬃﬃﬃﬃﬃ
2p
p
8
N1ðsÞ daðsÞ
3
5
ð43Þ
and the symmetry (9) of its Gateaux derivative is implied by the fol-
lowing identityZ
F
K1ðsÞvðsÞ
F
Wðs; s0Þ
D2ðs; s0Þ K1ðs
0Þuðs0Þ ds0 ds
¼
Z
F
K1ðsÞuðsÞ
F
Wðs; s0Þ
D2ðs; s0Þ K1ðs
0Þ vðs0Þ ds0 ds
that is a sound extension of property 31.
4. Variational statements
The mathematical representation of the onset of crack propaga-
tion at point s and time t can be given a general form:
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in the normal plane of the Frenet reference. In Eq. (44) KC1 is the frac-
ture toughness and hC ¼ 0 is the propagation angle in a mode 1
experimental test. For each u, there is a ‘‘related magnitude’’ #
which increases monotonically with the level j of applied loads
and which is supposed to obtain a critical value at the onset of crack
growth (Salvadori, 2008; Salvadori, 2010). Speciﬁc examples for #
are: (i) Maximum Energy Release Rate (shortened in MERR) G in
incipient crack growth; (ii) maximum hoop tensile stress in the
r1=2 near-tip singular ﬁeld. Cracks cannot advance at ‘‘time’’ t if
uðK; hÞ < 0 ð45Þ
The latter inequality deﬁnes the safe equilibrium domain. As in
the present note the elongation is assumed in the same plane of
crack, criteria for crack kinking angle evaluation are not invoked,
h ¼ 0 and from now on the dependence upon h will be
omitted.
When cracks – idealized to inﬁnitesimally small scale yielding –
advance, energy dissipation is concentrated at the crack fronts.
Irwin’s (1958) formula in the Grifﬁth standpoint of fracture
restricts the choice of the onset of crack propagation u to the
MERR4 that, for mode 1 propagation, can be written as:
uðKÞ ¼ 1
2
KðsÞ  K KðsÞ  GC
h i
ð46Þ
where GC is the fracture energy, i.e. the dissipated energy per unit
crack elongation.
If u < 0 at ‘‘time’’ t, a ‘‘sufﬁciently small’’ load increment dj be-
tween instants t and s > t exists that does not elongate the crack:
at any t s:t: uðKðs; tÞ; hÞ < 0 it exists dj ¼ jðsÞ  jðtÞ > 0 s:t:
dKðs; sÞ ¼ Kðs; tÞ
jðtÞ dj and uðKðs; tÞ þ dKðs; sÞÞ < 0 ð47Þ
Such an incremental process describes the ﬁrst phase of the fractur-
ing process, namely loading without crack growth. When the onset
of crack propagation is reached at a point s and time t, stable crack
growth may take place. A further increase of load dj causes crack
elongation at s. Denoting with dK ¼ Kðs; sÞ  Kðs; tÞ
at time t s:t:uðKðs; tÞÞ ¼ 0 for hðs; tÞ ¼ 0 it exists
dj ¼ jðsÞ  jðtÞ > 0 s:t:
dK ¼ Kðs; tÞ
jðtÞ dj
dK ¼ dKðs; sÞ þ Kð1Þ½da  þ oðdaÞ ð48Þ
with Kð1Þ½da  deﬁned in Eq. (6). Conceptually, Eq. (48) states that a
quasi-static fracture extension daðs; tÞ requires a contemporary var-
iation dj of the external actions such that the global equilibrium is
guaranteed. It is a reminiscence of Colonnetti’s decomposition of
stresses in plasticity (Colonnetti, 1918; Colonnetti, 1950), as the
variation of SIFs is additively decomposed as due to an elastic con-
tribution (dK) and to a distortion (in fracture: crack elongation da;
in plasticity: plastic strain rate) which reverses itself into SIFs
(stresses in plasticity) by means of a stiffness factor (in fracture:
Kð1Þ, in plasticity: the action of the Z matrix over the plastic part
of the volume). Eq. (48) states also implicitly that the extension
daðs; tÞ cannot be arbitrary along the crack front. Equilibrium, in
the sense that dj is unique for all points s, requires daðs; tÞ to as-
sume a precise shape with respect to s. Such a constraint is provided
in plasticity by Ceradini’s functional which in fact was extended to
fracture in Salvadori and Fantoni (2013a).
The third phase of crack propagation, unstable crack growth, is
reached when condition dj > 0 in Eq. (48) is no longer required at4 In Eq. (46), E is Young modulus and m Poisson’s coefﬁcient.some point s. Dynamics effects come into play, that fall out of the
scope of the present note.
In the Grifﬁth theory (see Grifﬁth, 1921 but also its review
in Bourdin et al., 2008) and in the light of Irwin’s formula
Irwin, 1958, coplanar propagation is governed at time t by the fol-
lowing conditions, reminiscence of Kuhn–Tucker conditions of
plasticity:
uðKðs; tÞÞ 6 0; daðs; tÞP 0; uðKðs; tÞÞ daðs; tÞ ¼ 0 ð49Þ
Conditions (49) can be derived on a thermodynamical basis. Mov-
ing from a rigid-plasticity analogy between SIFs and stresses, crack
propagation induces a dissipation which satisﬁes Clausius–
Duhem’s inequality through the introduction of a convex
dissipation potential, D. The interested reader may ﬁnd details in
Salvadori (2008), Salvadori and Carini (2011) and Salvadori and
Fantoni (2013a).
In view of consistency condition in standard dissipative systems
and of deﬁnition (46) for u one writes to the ﬁrst order in da:
duðs; tÞ ¼ @u
@K
 dK þ Kð1Þ½da 
 
¼ GC dj
jðtÞ þ KKðsÞ  K
ð1Þ½da  ¼ 0
ð50Þ
at a point s along the crack front at which u ¼ 0 and daðs; tÞ > 0. In
Colonnetti’s framework, dK is a mere elastic contribution to dK
due to dj and Kð1Þ½da corresponds to the crack elongation
rate da considered as an inelastic distortion. From Eq. (50), one
writes the consistency condition duda ¼ 0 at u ¼ 0, which leads
to:
GC
dj
jðtÞ da ¼ KKðsÞ  K
ð1Þ½da da
The latter sets a condition for stable (i.e. dj > 0) crack growth
da > 0 at any point s along the crack front:
dj > 0! KKðsÞ  Kð1Þ½da  < 0 at all s 2 Fju¼0 ð51Þ
Inherently, Eq. (51) is the (local) condition for the transition to the
unstable phase at a point s. In other words, when condition (51) is
not met at point s, an unstable propagation may take place in a
neighborhood of s.
In view of the symmetry property (9), the following two varia-
tional statements can be given. They are reminiscent of Ceradini’s
theorems (Ceradini, 1965) for plasticity and hold under the
assumption (51) of stable crack growth. Proofs are collected in
Appendix C.
Proposition 1. Under hypothesis (51), the crack front ‘‘velocity’’
daðs; tÞ that solves the global quasi-static fracture propagation
problem at ‘‘time’’ t minimizes the functional:v½vðs; tÞ  ¼ 1
2
Z
FðtÞju¼0
KKðsÞ  Kð1Þ½vðs0; tÞ  vðs; tÞds

Z
FðtÞju¼0
GC
dj
jðtÞ vðs; tÞds ð52Þ
under the constraint vðs; tÞP 0 8s 2 FðtÞju¼0Proposition 2. Under hypothesis (51), the crack front ‘‘velocity’’
daðs; tÞ that solves the global quasi-static fracture propagation prob-
lem at ‘‘time’’ t minimizes the functional:
x½vðs; tÞ  ¼ 1
2
Z
Fju¼0
@u
@K
 Kð1Þ½vðs0; tÞ vðs; tÞds ð53Þ
under the constraint: @u
@K  dK þ Kð1Þ½vðs0; tÞ 
n o
6 0 8s; s0 2 FðtÞju¼0
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5.1. Closed form
As usual denote with t a variable that orders events and con-
sider a penny shaped crack (see Figs. 5 and 6) with radius
aðtÞP að0Þ > 0 embedded in a continuum body, subject to two
point-loads of magnitude P ¼ jðtÞn acting in the centers of the
upper and lower crack surfaces which are directed away from
the crack faces, so to open the crack. The solution in terms of SIFs
can be found in Kassir and Sih (1975, p. 22) and reads
K1 ¼ jpa
1ﬃﬃﬃﬃﬃﬃ
pa
p ð54Þ
The solution
wðqÞ ¼ 1 m
l
2
p2
j
r
arccos
r
a
 
¼ 1 m
l
j
p2
ﬃﬃﬃqp
a
ﬃﬃﬃ
a
p 2
ﬃﬃﬃ
2
p
þ 13
3
ﬃﬃﬃ
2
p q
a
 
þ oðq3=2Þ ð55Þ
in terms of crack opening w can be obtained by the Fourier–Hankel
transform, with q ¼ a r > 0 (see Fig. 5). By virtue of (32),
N0 ¼ 2
ﬃﬃﬃ
2
p
p2
1 m
l
j
a
ﬃﬃﬃ
a
p ; N1 ¼ 13
3
ﬃﬃﬃ
2
p 1 m
l
j
p2
1
a2
ﬃﬃﬃ
a
p ð56Þ
Assuming an homothetic expansion da about the center, one notes
that r does not change because of da and gets the counterpart of
(34) as:
dw ¼ 2 1 ml
1
p2
j
a
1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2a qp 1ﬃﬃﬃqp daþ oðdaÞ
¼
ﬃﬃﬃ
2
p
p2
1 m
l
j
a
ﬃﬃﬃ
a
p 1ﬃﬃﬃqp þ 14a ﬃﬃﬃqp
 

daþ Oðq ﬃﬃﬃqp daÞ þ oðdaÞ ð57Þ
The latter can be recovered via crack-face weight functions from
integral (3), by taking into account (54) and
K11ðx; z; s0Þ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
q ð2a qÞp
p
ﬃﬃﬃﬃﬃﬃﬃ
pa
p 1
D2ðP; s0Þ ð58Þ
that is provided in Rice (1989).
In view of outcome (54), one immediately obtains for a constant
elongation daðsÞ ¼ da
dK1 ¼ 32
j
pa2
1ﬃﬃﬃﬃﬃﬃﬃ
pa
p da ð59Þ
The same result has been derived in Appendix D from the procedure
developed in Section 3.Fig. 5. Penny shaped crack of variable radius aðtÞ in un unbounded linear elastic
media, subject to a point-load P ¼ jðtÞn in its center. n stands for the outer
normal, so that P ‘‘opens the crack’’.5.2. Benchmark
Closed form solution (54) can be exploited in order to bench-
mark the variational framework developed in the previous section.
When jðaðtÞÞ reaches the threshold
jðaðtÞÞ ¼ KC1pa
ﬃﬃﬃﬃﬃﬃﬃﬃ
pa
p ð60Þ
the onset of crack propagation is reached. A further increase dj of
external actions allows fracture to propagate. Assuming an axis-
symmetric crack growth, the radius a becomes aþ da and the
amount da is independent on the abscissa s along the crack front.
Operator Kð1Þ½da in Eq. (50) simpliﬁes for being ‘‘local’’, i.e.
Kð1Þ½da ¼ Kð1Þda. It holds
du ¼ @u
@K
 ½K dk
kðtÞ þ K
ð1Þda ð61Þ
The closed form for Kð1Þ can be derived from the ﬁrst order expan-
sion (59), (107) as
Kð1Þ ¼ 3
2
j
pa2
1ﬃﬃﬃﬃﬃﬃﬃ
pa
p e1 ð62Þ
e1 being the unit vector f1;0; 0g. As stability condition (51) is triv-
ially satisﬁed, the crack growth is stable as expected. Functional
(52) holds:
v½da ¼ 1
2
Z
FðtÞju¼0
KKðsÞ  Kð1Þds da2 
Z
FðtÞju¼0
GC
dj
jðtÞ dsda
under the unilateral constraint daP 0. Consider a positive parame-
ter e and a positive elongation dqP 0, so that the conﬁguration
daþ edqP 0 is in the set of admissible conﬁgurations for functional
(52). Optimality implies
v½daþ edqP v½da
or equivalently
d
de
v½daþ edq

e¼0
P 0
In the event da > 0, the usual Euler–Lagrange equation v0½da ¼ 0
hold, whereas the inequality v0½daP 0 has to be generally satisﬁed.
Accordingly, at all s 2 Fju¼0 the Karush–Kuhn–Tucker conditions
hold:
daP 0; v0½daP 0; v0½dada ¼ 0Fig. 6. Notation about a circular crack front.
Fig. 7. A plot of shape functions along the crack front. Even though they are linear
in h their plot is not straight because of the curvature of the crack front. As the
‘‘smooth’’ elongation daðsÞ of the crack front is normal to itself (Rice, 1989), shape
functions in fact increment the radius locally for the penny shape crack at hand.
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v½daðtÞ ¼ 1 m
2
E
j2ðtÞ daðtÞ
p3a2ðtÞ 
3
aðtÞ daðtÞ þ 4
djðtÞ
jðtÞ
 

ð63Þ
The minimizer da of functional (63) must satisfy the Euler–Lagrange
equation:
v0½da ¼ 1 m
2
E
2j2ðtÞ
p3a2ðtÞ 
3
aðtÞ daðtÞ þ 2
djðtÞ
jðtÞ
 

¼ 0 ð64Þ
when positive. By ‘‘time’’ integration one gets:
log
jðtÞ
j0
¼ 3
2
log
aðtÞ
a0
ð65Þ
having set að0Þ ¼ a0, jð0Þ ¼ j0. For example, setting K1ða0Þ ¼ KC1,
from Eq. (62) one has:
j0 ¼ KC1 p2a3=20
whence the benchmark Eq. (60) immediately follows.
Eq. (65) expresses the critical load factor corresponding to the
evolution of radius aðtÞ. In the event da ¼ 0, the inequality
v0½daP 0 reads
1 m
2
E
2j2ðtÞ
p3a2ðtÞ 2
djðtÞ
jðtÞ
 

P 0
and is satisﬁed only by djðtÞ 6 0.
5.3. Discretization
Let h > 0 be a parameter and let dahðsÞ be a (discrete) approxi-
mation of the unknown ﬁeld daðsÞ. The approximation dah is taken
to belong to a ﬁnite dimensional subspace Vh such that
8da; inf
dah2Vh
jjda dahjj ! 0 as h! 0 ð66Þ
Discretization (66) allows to transform the minimization of func-
tionals (52) and (53) into a set of algebraic equations with con-
straints, that can be computationally handled as for contact
problems (Wriggers, 2006).
Due to the axial-symmetry of the benchmark at hand, it was
proved that either the part of Fju¼0 with vanishing velocity
daðsÞ ¼ 0 coincides with the whole circular crack front or is empty.
As shown, the former event is only compatible with djðtÞ 6 0. If a
positive load increment djðtÞ > 0 is taken a priori, minimization of
functionals leads to a system of unconstrained algebraic equations.
Denoting with fwjj j ¼ 1; . . . ;Nhg a basis for Vh, the approxima-
tion dah is the linear combination
dahðsÞ ¼
XNh
j¼1
wjðsÞdj ð67Þ
with dj nodal unknowns in nodes sj such that wjðsjÞ ¼ 1 and
wiðsjÞ ¼ 0 if i – j. After collecting nodal unknowns dj in vector d,
the discrete form of functional (52) reads
v½d  ¼ 1
2
XNh
i¼1
XNh
j¼1
Z
FðtÞ
N½wj  widsdi dj 
XNh
i¼1
Z
FðtÞ
GC
dj
jðtÞ widsdi
ð68Þ
with linear in da operator N deﬁned in (7) and speciﬁed further in
Eq. 43 so that
N½wj  ¼
1 m2
E
K1ðsÞ 12p F
WF ðs0; sÞK1ðs0Þwjðs0Þ
D2ðs0; sÞ ds
0
"
þ 1
2
@WC
@q

s;s
 c
2
0
@
1
A K1ðsÞwjðsÞ  l1 m 3
ﬃﬃﬃﬃﬃﬃ
2p
p
8
N1ðsÞwjðsÞ
3
5
ð69ÞThe Stationary point for v½d  is the solution of the linear system
Ad ¼ b with
Aij ¼ 
Z
FðtÞ
N½wj  wids ð70Þ
bi ¼
Z
FðtÞ
GC
dj
jðtÞ wids ð71Þ
For the penny shape crack at hand the crack front FðtÞ is a circum-
ference of radius aðtÞ. The positive integer Nh that deﬁnes the
dimension of space Vh is here taken as the number of subdivisions
of the crack front. Each arc of the subdivision is enclosed by the cen-
ter angle h ¼ 2pN1h and has a length h ¼ ah. As usual in the lan-
guage of approximation methods it will be termed ‘‘element’’. The
element length h seems to be the most suitable choice for the dis-
cretization parameter in (66). The implicit assumption of uniform
decomposition is a natural consequence of the axial-symmetry of
the problem.
The ‘‘smooth’’ elongation daðsÞ of the crack front normal to itself
Rice, 1989 is approximated via the linear combination (67). Denot-
ing with s ¼ ah, shape functions wj are taken to be linear in h and
once for all it is assumed that 0 6 h 6 2p. The characteristic func-
tion vj½h on element j ¼ 1;2; . . . ;Nh is a step function that is van-
ishing outside element j. It is formally deﬁned as
vj½h ¼
1 if ðjm  1Þh 6 h 6 jm h
0 otherwise
(
ð72Þ
with jm ¼ jmodNh standing for the remainder of the division be-
tween integers j and Nh. Characteristic functions are used to deﬁne
the support of shape functions wjðhÞ. They read
wjðhÞ ¼ 1 jþ
h
h
 
vj½h þ 1
h jh
h
 
vjþ1½h; j ¼ 1;2 . . . ;Nh
ð73Þ
By writing j modulo Nh it is ensured that shape function wNh ðhÞ is de-
ﬁned partially on the last element and partially on the ﬁrst. The
support of each shape function is thus made of two consecutive ele-
ments – see also Fig. 7. With reference to shape function wjðhÞ they
will be denoted with eð1Þj and e
ð2Þ
j .
According to Eq. 69 operator N has local and non-local contribu-
tions. The former amounts at
Table 1
Accuracy of the variational strategy for the selected penny-shape example.
Nh ðA1bÞi Error Convergence
Abs. Rel. (%)
en ¼ ðA1bÞi  23
  100 32 en p
8 0.67142 0.0047618 0.71428 –
16 0.66900 0.0023350 0.35024 1.02813
32 0.66783 0.0011609 0.17414 1.00814
64 0.66725 0.00057939 0.086909 1.00265
128 0.66696 0.00028950 0.043425 1.00098
256 0.66681 0.00014471 0.021706 1.00040
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1m2
E
K1ðsÞ 12
@WC
@q

s;s
 c
2
0
@
1
AK1ðsÞ l1m3
ﬃﬃﬃﬃﬃﬃ
2p
p
8
N1ðsÞ
2
4
3
5wjðsÞ
whereas the non-local contribution is the counterpart of Eq. 69 and
will be analyzed later. As shown in appendix A, c is the curvature at
point P0, i.e. y2 ¼ cy21 þ oðy21Þ. As the crack front is circular, it holds
y2 ¼  12a y21 þ oðy21Þ, accordingly c ¼  12a. Taking into account (54),
(56), and (106) it holds
Nloc½wj  ¼ 
1 m2
E
j2
ðpaÞ3
3
2a
wjðsÞ ð74Þ
Such a local operator provides a sparse contribution to matrix A. It
essentially is the so-called mass-matrix
Alocij ¼
1 m2
E
j2
ðpaÞ3
3
2
Z 2p
0
wiðhÞ wjðhÞdh ð75Þ
which is vanishing when shape function supports do not overlap
suppðwiÞ \ suppðwjÞ ¼ ;.
The remaining part of operator N leads to the following non lo-
cal contribution to matrix A.
Anlij ¼ 
1 m2
E
1
2p
Z
F
K1ðsÞ wiðsÞ
F
WF ðs0; sÞK1ðs0Þwjðs0Þ
D2ðs0; sÞ ds
0ds
¼ 1 m
2
E
j2
ðpaÞ3
1
4p
Z
suppðwiÞ
wiðhÞ

suppðwjÞ
wjðh0Þ
1 cosðh0  hÞ dh
0dh ð76Þ
Even for not overlapping shape function supports
suppðwiÞ \ suppðwjÞ ¼ ;, the corresponding matrix entry Anlij is not
vanishing. The system matrix A is thus fully populated, as usual
in the approximation methods based on integral equations as for
instance Boundary Element Methods (BEM) (Citarella and Soprano,
2006). Nevertheless, when suppðwiÞ \ suppðwjÞ ¼ ;, the ﬁnite part of
Hadamard in 76 coincides with a standard Riemann integral and
usual Gaussian quadrature rules allow an effective evaluation of
entries Aij. When shape function supports do overlap, ﬁnite part
of Hadamards have to be evaluated analytically. The approach is
quite standard in BEM (see for instance Salvadori, 2001, 2007,
2010) and will be detailed in appendix B. Evaluation of given terms
(71) shows no difﬁculties and is obviously local in nature.
bi ¼ GC djjðtÞ a
Z 2p
0
wiðhÞdh
Matrix Aij and vector b have the following properties:
Aij ¼ Alm 8 1 6 i; j; l;m 6 Nh such that l i ¼ m j ð77Þ
bi ¼ bk 8 1 6 i; k 6 Nh ð78Þ
in view of the selected discretization. As a consequence, the system
solution is such that
di ¼ dk 8 1 6 i; k 6 Nh
as desirable in view of the axial symmetry of the problem. In order
to compare the accuracy of the solution with the given benchmark,
it is useful5 to restate Aij and vector b5 It holds therefore:
Aij ¼ 14p
Z 2p
0
wiðhÞ
2p
0
wjðh0Þ
1 cosðh0  hÞ dh
0 dh 3
2
Z 2p
0
wiðhÞ wjðhÞdh ð79Þ
bi ¼
Z 2p
0
wiðhÞdh
and obviously A and b enjoy properties (77, 78) as well.Aij ¼ 1 m
2
E
j2
ðpaÞ3
Aij; bi ¼ GC djjðtÞ a bi ð80Þ
whence it comes out immediately
di ¼ ðA1bÞi
a
j
dj
to be compared with Euler–Lagrange Eq. (64), i.e.
da ¼ 2
3
a
j
dj
The scalar ðA1bÞi, which in fact is independent on i, can then be
compared with 23 in order to benchmark the accuracy of the pro-
posed variational strategy for the selected example. Table 1 collects
the results of the benchmark. Evidences show that the rate of
convergence6
p ¼ log2
en
enþ1
is clearly linear.
Matrix A shows a distinctive behavior that reﬂects some math-
ematical properties of the weight functions. As illustrated in Figs. 8
and 9, the diagonal terms Aii are negative, differently from all non-
diagonal entries. In absolute value the diagonal terms are much
higher than all other counterparts, which in fact become closer
and closer to zero when the distance between the shape functions
supports increases.
In the current analysis the crack front was subdivided in Nh ele-
ments and its shape was not approximated for being known a pri-
ory and circular. In general, this will not happen and the front
shape will be approximated typically by a sequence of segments.
In such a case the ﬁnite part evaluation involves integral that have
been evaluated in closed form in Salvadori (2002) and Salvadori
and Gray (2007).
6. Concluding remarks
In a recent publication, the variational formulation for the glo-
bal incremental quasi-static linear elastic fracture propagation
problem presented in Salvadori and Carini (2011) was extended
to three dimensional problems (Salvadori and Fantoni, 2013). The
key ingredients were: (i) the stress intensity factor expansion with
respect to the crack elongation, provided in Leblond (1999a),
Leblond et al. (1999b) and rephrased in (6) for mode 1 growth. In
the incremental plasticity analogy (Salvadori, 2008) it plays the
role of a Colonnetti’s decomposition of stress; (ii) the 3D extension
of Irwin’s formula, that relates the Energy Release Rate to the SIFs.
In the plasticity analogy, it is equivalent to the yield function in
plasticity and allows the deﬁnition of the elastic domain and of
its boundary; (iii) the maximum dissipation principle, whence
the normality and the complementarity laws come out; (iv) the6 A sequence xn is said to converge to Lwith order p if there exists a constant C such
that jxn  Lj < Cnp for all n.
Fig. 8. The picture visualizes the values of the entries of matrix A for parameter Nh ¼ 64. The values of a row of A are depicted on the left, and zoomed on the right. Diagonal
terms are negative and much higher in absolute value. The higher the distance between the supports of the shape functions the closer to zero the value of Aii .
Fig. 9. The picture is a zoom of the values of the entries of matrix A for parameters
Nh ¼ 64, Nh ¼ 128 and Nh ¼ 256.
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Symmetry statement (9) seems quite natural. Nevertheless, it
was not straightforward to envisage such a property from deﬁni-
tion (6) of linear operator Kð1Þ½  . On the contrary, term by term
unsymmetry is apparent and to prove proposition (9) a different
path of reasoning was followed in Salvadori and Fantoni (2013a),
based on the physical meaning of the operator itself. Form (6)
originates from the fundamental hypothesis of steady location
that was made in the seminal paper of Rice (1989) and has been
kept afterward – to the best of Authors’ knowledge. In the present
paper a different approach has been pursued with the aim of pro-
viding a more general form for Eq. (6) and the hypothesis of stea-
dy location removed by making use of the concept of ﬁnite part of
Hadamard in the limit processes to the boundary considered in
formula 42.
In their celebrated paper (Leblond et al., 1999b), Leblond and
coworkers shown that symmetric operator Kð1Þ½   is not universal.
Its non local contribution Kð1Þnl ½   contains in fact an operator – de-
noted with Z in Leblond et al. (1999b) – which is intrinsically
dependent upon geometry and boundary conditions. Formula 42
identiﬁes four alternative basic constituents of Kð1Þ½   (besides the
stress intensity factors, of course): the non-universal fundamental
kernel WF , the derivative @W
C
@q , the geometrical term c and the 3=2
order term N1 of the opening and sliding expansion (32). This set
of well identiﬁed elements has to be evaluated beforehand in order
to numerically approximate Kð1Þ½  . Afterward, a general purposecode – either by FEM, XFEM or BEM – can easily provide a varia-
tionally based crack propagation algorithm, according for instance
to Salvadori and Fantoni (2013b).
The need to supply a high-quality approximation for the weight
functions in all cases for which they are not available in closed
form is perhaps the most relevant criticism to the present ap-
proach. At present, fundamental kernels are known explicitly for
only a few relatively simple crack geometries such as a half-plane
crack (Uﬂyand, 1965), circular cracks (Galin, 1961) and external
elliptical cracks (as a series expansion) (Atroshchenko et al.,
2010). A general method to approximate WF even for ﬁnite bodies
is currently under investigation in the framework of Boundary
Integral Equations but it did not reach adequate maturity to be in-
cluded in the present note.
As very promisingly done in Bower and Ortiz (1990), Lazarus
(2003) and Favier et al. (2006) WF can also be updated incremen-
tally using ﬁrst and second order (Leblond et al., 2012) techniques.
To the best of Authors’ knowledge, this modus operandi has been
applied so far to inﬁnite bodies merely. Boundless is not inborn in
Rice’s (1989) formulation itself, but it is a compulsory consequence
of the steady location assumption. Ultimately it is the latter that
makes the incremental update carried out in Bower and Ortiz
(1990), Lazarus (2003), Favier et al. (2006) a less appealing
algorithm. In the present note the hypothesis of steady location –
and consequently the ones introduced at a later stage to circum-
vent the resulting limitations – are removed in full and formula
(63) in Rice’s work (1989) extended. A further publication will be
devoted to the extension of formula (70) in the same paper, which
is the cornerstone of the incremental update approach.
Formula 42 to approximate Kð1Þ½   has been linked in Section 4
to a variational formulation that allows to estimate the crack front
velocity from a variation of external loads. It seems thus that there
is a potential to extend the work of Bower and Ortiz (1990),
Lazarus (2003), Favier et al. (2006) to quasi-static (rather than
fatigue) crack growth in ﬁnite domains, a still open problem that
industries are striving to solve.
The expression of operator N½ in terms of weight functions has
been written here for the case of mode 1 growth. The ﬁnal formal-
ism leads to an easy proof of symmetry for operator N½ and to a
restatement (see Propositions 1 and 2) of the variational formula-
tion proposed ﬁrst in Salvadori and Fantoni (2013a). Its discrete
counterpart led to an effective numerical scheme for the approxi-
mation of the velocity of the crack front. The approach was bench-
marked against an ‘‘easy’’ problem of fracture mechanics, which in
spite of being classical revealed several approximation concerns
when dealt with other techniques as ﬁnite differences. The
accuracy obtained via the variational statement is remarkable.
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crack front velocity can be expected also in more general cases,
provided that an accurate approximation of weight functions
(Morawietz et al., 1985) is available. From the approximated crack
front velocity ﬁeld, the formulation of crack tracking algorithms
can be devised in several ways, as in Salvadori and Fantoni
(2013b) among others.
Several open issues need to be dealt with in forthcoming publi-
cations. The estimation of N1 will require high-order special ele-
ments along the crack front, together with the deployment of
effective algorithms for its identiﬁcation. Weight functions WC
are not known for general conﬁgurations of cracks, particularly in
ﬁnite bodies in which they depend on the deﬁnitions of Dirichlet
and Neumann boundaries. Intuition suggests that derivative @W
C
@q
has a universal character, but such a feature has not been proved
yet. Extension to more general cases has to be carried out: in par-
ticular, the solution of a full Signorini’s problem is required to cap-
ture the eventuality of partial crack front elongation, having nodes
of the discretization that are not mobilized; furthermore, the for-
mulation must be extended to mixed mode 2 and 3: some techni-
cal difﬁculties in fact appeared in the preparation of the present
note and have not yet been solved (See Fig. 6).Acknowledgements
Authors are grateful to the two anonymous reviewer who, by
a detailed and thought-provoking analysis of our draft, offered
useful comments for consideration. Fruitful discussions with Prof.
V. Lazarus are acknowledged as well.Fig. 10. Notation about an elliptic crack front with a ¼ 2 and b ¼ 1.
(a)
Fig. 11. Notation about an elliptic crack used in: (a) the limit process q! 0þ; (b) the ﬁn
generic smooth crack front. Accordingly, the crack front curve F can be split as F 0 [ F 1.
½a;a about the origin of the tangent axis, here denoted as y1. Denote locally the (smooth
and F 0 the complementary part F 0 ¼ F n F 1.Appendix A. On the ﬁnite part of Hadamard and the limit to the
boundary of the squared distance
A.1. Elliptic crack
For an elliptic crack front of major semi-axis a and minor one b,
with the notation of Fig. 10, the radius OQ ¼ RðhQ Þ holds
RðhQ Þ ¼ abﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
b2 cos2ðhQ Þ þ a2 sin2ðhQ Þ
q
whence the distance between points P and Q, the latter being lo-
cated at the generic abscissa s0, reads
D2ðP; s0Þ ¼ cosðhPÞ qþ RðhPÞð Þ  cosðhQ ÞRðhQ Þ½ 2
þ sinðhPÞ qþ RðhPÞð Þ  sinðhQ ÞRðhQ Þ½ 2
Even for easy conﬁgurations as hP ¼ 0, the squared distance
function
D2ðP; s0Þ

hP¼0
¼ ða qÞ2  2 cosðhQ ÞRðhQ Þ ða qÞ þ RðhQ Þ2
appears to be too much involved to lead to a closed form for integral
39, as it was done in Eq. (105) for the circular crack. The main fea-
tures of limit 39 will thus be studied by making recourse to a differ-
ent approach, assuming hP ¼ 0. With the notation of Fig. 11 and
hQ ¼ h, it holds in fact:
lim
q!0þ
Z
F
1
D2ðP; s0Þ ds
0 ¼
Z
F=½h;h
jðhÞ
a2  2 cosðhÞRðhÞ aþ RðhÞ2
dh ð81Þ
þ lim
q!0þ
Z a
a
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ ½y02ðy1Þ2
q
ðqþ y2ðy1ÞÞ2 þ y21
dy1
having deﬁned with a ¼ RðhÞ sinðhÞ and with jðhÞ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
RðhÞ2 þ R0ðhÞ2
q
the Jacobian determinant of the variable transformation. Having
set hP ¼ 0, it turns out
½y02ðy1Þ2 ¼
a2  ðy2 þ aÞ2
b2  y21
ð82Þ
The integrand functionﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ ½y02ðy1Þ2
q
ðqþ y2ðy1ÞÞ2 þ y21
¼ 1
ðqþ y2Þ2 þ y21
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ a
2  ðy2 þ aÞ2
b2  y21
vuut
is sufﬁciently smooth to admit a series expansion about y2 ¼ 0. In
fact, having assumed fy1; y2g as to coincide with the Frenet frame,
at y1 ¼ 0 it holds y2 ¼ y02 ¼ 0. The expansion reads(b)
ite part of Hadamard. By deﬁning a in a more general way, the notation applies to a
Curve F 1 is deﬁned as in (b). Consider the Frenet frame at s and an interval of size
) crack front curve F as y2ðy1Þ. The curve F 1 is the subset of F such thata 6 y1 6 a
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1þ ½y02ðy1Þ2
q
ðqþ y2ðy1ÞÞ2 þ y21
¼ 1
q2 þ y21
 2q
ðq2 þ y21Þ
2 y2 þ hðq; y1; y2Þ ð83Þ
with hðq; y1; y2Þ such that
lim
q!0þ
Z a
a
hðq; y1; y2ðy1ÞÞdy1 ¼
Z a
a
hð0; y1; y2ðy1ÞÞdy1
Accordingly, in integral (81) one is left with
lim
q!0þ
Z a
a
1
q2 þ y21
dy1  lim
q!0þ
Z a
a
2q
ðq2 þ y21Þ
2 y2 dy1
Integrals of such a kind are often encountered in boundary integral
equations (BIEs). One of the authors also gave a few contributions
in their evaluation (Salvadori, 2002; Salvadori and Gray, 2007;
Salvadori, 2010). The former limit is not bounded
lim
q!0þ
Z a
a
1
q2 þ y21
dy1 ¼
p
q
 2
a
ð84Þ
The integrand function in the second integral vanishes at q ¼ 0 but
in the limit process the second integral is known to generate a so
called ‘‘free term’’. Denoting with c the curvature at point P0, i.e.
y2 ¼ cy21 þ oðy21Þ, it holds:
lim
q!0þ
Z a
a
2q
ðq2 þ y21Þ
2 y2 dy1 ¼ cp ð85Þ
In conclusion therefore,
lim
q!0þ
Z
F
1
D2ðP; s0Þ ds
0 ¼
Z
F=½h;h
jðhÞ
a2  2 cosðhÞRðhÞ aþ RðhÞ2
dh
þ p
q
 2
a
 cpþ
Z a
a
hð0; y1; y2ðy1ÞÞdy1 ð86Þ
With regard to the ﬁnite part of Hadamard, one has as for the circu-
lar crack:
IðeÞ ¼ lim
e!0þ
Z
F=½e;e
1
D2ðs0; sÞ ds
0 ¼
Z
F=½h;h
1
D2ðs0; sÞ ds
0
þ lim
e!0þ
Z
½h;h=½e;e
1
D2ðs0; sÞ ds
0
¼
Z
F=½h;h
jðhÞ
a2  2 cosðhÞRðhÞ aþ RðhÞ2
dh
þ lim
e!0þ
Z
½h;h=½e;e
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ ½y02ðy1Þ2
q
y22 þ y21
dy1
and in view of property (82) and expansion (83)
IðeÞ ¼
Z
F=½h;h
jðhÞ
a2  2 cosðhÞRðhÞ aþ RðhÞ2
dh
þ lim
e!0þ
Z
½h;h=½e;e
1
y21
þ hð0; y1; y2ðy1ÞÞdy1
¼
Z
F=½h;h
jðhÞ
a2  2 cosðhÞRðhÞ aþ RðhÞ2 dhþ
2
e
 2
a
þ
Z a
a
hð0; y1; y2ðy1ÞÞdy1 ð87Þ
By comparing the latter with limit (86) the basic identity
lim
q!0þ
Z
F
1
D2ðP; s0Þ ds
0 ¼ p
q
 cpþ
F
1
D2ðs; s0Þ ds
0 ð88Þ
comes immediately out. It has a general validity, has it will be pro-
ven in the next section.
A.2. General crack fronts
In order to perform integral 39 and the limit thereafter the crack
front curve FðtÞ can be split as F 0ðtÞ [ F 1ðtÞ. Curve F 1ðtÞ is deﬁnedas follows – see also Fig. 11b. Consider the Frenet frame at s and an
interval of size ½a;a about the origin on the tangent axis, here de-
noted with y1. Denote locally the (smooth) crack front curve FðtÞ
as y2ðy1Þ. The curve F 1ðtÞ is the subset of FðtÞ such that
a 6 y1 6 a and F 0ðtÞ the complementary part
F 0ðtÞ ¼ FðtÞ n F 1ðtÞ. Accordingly, curve F 0ðtÞ does not contain s
and the limit q! 0þ is trivial for the integral along F 0ðtÞ.
Denote with
s0  s ¼ uðy1Þ ¼
Z y1
0
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ y02ðy1Þ
 2q dy1 ¼ y1 þ oðy1Þ
along F 1 and consider integrals
lim
q!0þ
Z
F1ðtÞ
1
D2ðP; s0Þ ds
0 ¼ lim
q!0þ
Z a
a
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ y02ðy1Þ
 2q
ðqþ y2ðy1ÞÞ2 þ y21
dy1 ð89Þ
lim
q!0þ
Z
F1ðtÞ
s0  s
D2ðP; s0Þ ds
0 ¼ lim
q!0þ
Z a
a
uðy1Þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ y02ðy1Þ
 2q
ðqþ y2ðy1ÞÞ2 þ y21
dy1 ð90Þ
If F 1ðtÞ is sufﬁciently smooth, it holds about y2 ¼ 0ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ y02ðy1Þ
 2q ¼ 1þXþ1
n¼1
ð1Þn 1
4n
ð2nÞ!
ð1 2nÞðn!Þ2
cn y
2n
1 ð91Þ
1
ðqþ y2ðy1ÞÞ2 þ y21
¼ 1
q2 þ y21
 2q
ðq2 þ y21Þ
2 y2
þ
Xþ1
n¼2
ð1Þn y2
q2 þ y21
 n Xn	2
k¼0
bkn
qn2k y2k1
q2 þ y21
ð92Þ
with bkn; cn 2 R. The expansion can thus be written again as in
Eq. (83)
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ ½y02ðy1Þ2
q
ðqþ y2ðy1ÞÞ2 þ y21
¼ 1
q2 þ y21
 2q
ðq2 þ y21Þ
2 y2 þ hðq; y1; y2Þ ð93Þ
with hðq; y1; y2ðy1ÞÞ bounded about q ¼ 0 for all y1 2 ½a;a so such
that
lim
q!0þ
Z a
a
hðq; y1; y2ðy1ÞÞdy1 ¼
Z a
a
hð0; y1; y2ðy1ÞÞdy1
thus leading to formula (86) again:
lim
q!0þ
Z
F
1
D2ðP; s0Þ ds
0 ¼
Z
F0
1
D2ðP; s0Þ ds
0 þ p
q
 2
a
 cp
þ
Z a
a
hð0; y1; y2ðy1ÞÞdy1 ð94Þ
In order to characterize limit (89) in terms of the ﬁnite part of
Hadamard one writes:
IðeÞ ¼ lim
e!0þ
Z
F=½e;e
1
D2ðs0; sÞ ds
0
¼
Z
F0
1
D2ðs0; sÞ ds
0 þ lim
e!0þ
Z
F1=½e;e
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ ½y02ðy1Þ2
q
y22 þ y21
dy1
and in view of expansion (93)
IðeÞ ¼
Z
F0
1
D2ðs0; sÞ ds
0 þ lim
e!0þ
Z
F1=½e;e
1
y21
þ hð0; y1; y2ðy1ÞÞdy1
¼
Z
F0
1
D2ðs0; sÞ ds
0 þ 2
e
 2
a
þ
Z a
a
hð0; y1; y2ðy1ÞÞdy1 ð95Þ
By comparing the latter with limit (94) the basic identity 88 is
recovered for a generic crack front.
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lim
q!0þ
Z
F
s0  s
D2ðP; s0Þ ds
0 ¼
Z
F0ðtÞ
s0  s
D2ðs; s0Þ ds
0 þ lim
q!0þ
Z a
a
y1
q2 þ y21
dy1 þOð1Þ
¼
Z
-
F
s0  s
D2ðs; s0Þ ds
0 ð96Þ
as
lim
q!0þ
Z a
a
y1
q2 þ y21
dy1 ¼ 0
An alternative approach for the evaluation of integral 39 and the
limit thereafter consists in the so called ‘‘vanishing neighborhood’’
approach (Guiggiani, 1995; Manticˇ and Paris, 1995). It can be
proved that such an approach leads to formula 88 too.
Appendix B. Finite part of Hadamard evaluation along a circle
Reference is made to the following non local contribution to
matrix A.
Anlij ¼
Z
suppðwiÞ
wiðhÞ
suppðwjÞ
wjðh0Þ
1 cosðh0  hÞ dh
0dh ð97Þ
which has been deﬁned in formula 79 apart from factor 14p. Recall
the deﬁnition (73) of shape functions wjðhÞ over a uniform decom-
position of the circumferential crack front
wjðhÞ ¼ ð1 jþ
h
h
Þvj½h þ ð1
h jh
h
Þvjþ1½h; j ¼ 1;2 . . . ;Nh ð98Þ
with the support of each shape function made of two consecutive
elements – see also Fig. 7.
Consider as ﬁrst the item of coincident supports and take
i ¼ j ¼ 1 for the sake of simplicity. Eq. 97 in its expanded form
reads.
Anl11 ¼
1
h2
Z h
0
h
h
0
h0
1 cosðh0  hÞ dh
0 þ
Z 2h
h
2h h0
1 cosðh0  hÞ dh
0
" #
dh
þ 1
h2
Z 2h
h
ð2h hÞ
Z h
0
h0
1 cosðh0  hÞ dh
0 þ
2h
h
2h h0
1 cosðh0  hÞ dh
0
" #
dh
with angle h ¼ 2pN1h . It comes out:
h
0
h0
1 cosðh0  hÞ dh
0
¼ 1
h
log sin2
h h
2
  

 log sin2 h
2
  
 	
 cot h h
2
 
Z 2h
h
2h h0
1 cosðh0  hÞ dh
0
¼ 1
h
log sin2
h h
2
  

 log sin2 h 2h
2
  
 	
þ cot h h
2
 
From the identities above it turns out that the two external
integrals in h.Z h
0
h
h
0
h0
1 cosðh0  hÞ dh
0dh
Z h
0
h
Z 2h
h
2h h0
1 cosðh0  hÞ dh
0 dh
are not well deﬁned separately. Nevertheless, the singularity – of
the kind 2
hh – is present in both integrals and cancels out in the
sum. Accordingly, integralZ h
0
h
h
0
h0
1 cosðh0  hÞ dh
0 þ
Z 2h
h
2h h0
1 cosðh0  hÞ dh
0
" #
dhis a well deﬁned Riemann integral in h. Such a consideration is stan-
dard in the literature of analytical integrations for boundary inte-
gral equations. Integral
Z 2h
h
ð2h hÞ
Z h
0
h0
1 cosðh0  hÞ dh
0 þ
2h
h
2h h0
1 cosðh0  hÞ dh
0
" #
dh
shows analogous peculiarities, therefore the analysis of the item of
coincident supports is completed.
The item of adjacent supports merely remains. Again for the
sake of simplicity take i ¼ 1; j ¼ 2. Eq. 97 in its expanded form
reads.
Anl12 ¼
1
h2
Z h
0
h
Z 2h
h
h0  h
1 cosðh0  hÞ dh
0 þ
Z 3h
2h
3h h0
1 cosðh0  hÞ dh
0
" #
dh
þ 1
h2
Z 2h
h
ð2h hÞ
2h
h
h0  h
1 cosðh0  hÞ dh
0 þ
Z 3h
2h
3h h0
1 cosðh0  hÞ dh
0
" #
dh
It comes out:
Z 2h
h
h0  h
1 cosðh0  hÞ dh
0
¼ 1
h
log sin2
h 2h
2
  

 log sin2 h h
2
  
 	
 cot h h
2
 
Z 3h
2h
3h h0
1 cosðh0  hÞ dh
0
¼ 1
h
log sin2
h 2h
2
  

 log sin2 h 3h
2
  
 	
þ cot h h
2
 
The outer integral in h is a well deﬁned Riemann integral in this
case. Furthermore, it holds
2h
h
h0  h
1 cosðh0  hÞ dh
0 ¼
Z 2h
h
h0  h
1 cosðh0  hÞ dh
0
whence the evaluation of Anl12 shows no further issues.
Appendix C. Proofs of Propositions 1 and 2
Proposition 1. Under hypothesis (51), the crack front ‘‘velocity’’
daðs; tÞ that solves the global quasi-static fracture propagation
problem at ‘‘time’’ t minimizes the functional:
v½vðs; tÞ  ¼ 1
2
Z
FðtÞju¼0
KKðsÞ  Kð1Þ½vðs0; tÞ  vðs; tÞds

Z
FðtÞju¼0
GC
dj
jðtÞ vðs; tÞds ð99Þ
under the constraint vðs; tÞP 0 8s 2 FðtÞju¼0
To prove the theorem, denote with vðs; tÞ ¼ daðs; tÞ þ Dðs; tÞ.
Omitting the variable dependence on s and t for the sake of clear-
ness, one writes:
v½v  v½da  ¼ 1
2
Z
Fju¼0
@u
@K
 Kð1Þ½daDþKð1Þ½D daþKð1Þ½DD
 
ds

Z
Fju¼0
@u
@K
 dK Dds
Owing to symmetry property (9), in view of the linearity of Kð1Þ one
writes:
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Z
Fju¼0
@u
@K
 Kð1Þ½da þ dK
 
Dds
 1
2
Z
Fju¼0
@u
@K
 Kð1Þ½D Dds
¼ 
Z
Fju¼0
du ðv  daÞds 1
2
Z
Fju¼0
@u
@K
 Kð1Þ½D Dds
¼ 
Z
Fju¼0
duv dsþ
Z
Fju¼0
duda ds
 1
2
Z
Fju¼0
@u
@K
 Kð1Þ½D D dsP 0
because of the stable crack growth hypothesis, consistency condi-
tions du 6 0 and duda ¼ 0 when u ¼ 0, and constraint v P 0.
Proposition 2. Under hypothesis (51), the crack front ‘‘velocity’’
daðs; tÞ that solves the global quasi-static fracture propagation
problem at ‘‘time’’ t minimizes the functional:
x½vðs; tÞ  ¼ 1
2
Z
Fju¼0
@u
@K
 Kð1Þ½vðs0; tÞ vðs; tÞds ð100Þ
under the constraint: @u
@K  dK þ Kð1Þ½vðs0; tÞ 
n o
6 0 8s; s0 2 FðtÞju¼0.
To prove the theorem, denote again with vðs; tÞ ¼ daðs; tÞþ
Dðs; tÞ. Omitting the variable dependence on s and t for the
sake of clearness and in view of the symmetry property (9), one
writes:
x½v  x½da  ¼ 
Z
Fju¼0
@u
@K
Kð1Þ½da D ds1
2
Z
Fju¼0
@u
@K
Kð1Þ½D D ds
By adding and subtracting the amount
R
Fju¼0
@u
@K  dK dads the latter
holds:
x½v  x½da  ¼ 1
2
Z
Fju¼0
@u
@K
 Kð1Þ½D  D ds
þ
Z
Fju¼0
@u
@K
 dK þ Kð1Þ½da 
 
dads

Z
Fju¼0
@u
@K
 dK dads
Z
Fju¼0
@u
@K
 Kð1Þ½da  v ds
¼ 1
2
Z
Fju¼0
@u
@K
 Kð1Þ½D  D dsþ
Z
Fju¼0
du dads

Z
Fju¼0
@u
@K
 dK þ Kð1Þ½v 
 
dads
in view of the symmetry property (9). Owing to the stable crack
growth hypothesis, consistency conditions du 6 0 and duda ¼ 0
when u ¼ 0, and constraint @u
@K  dK þ Kð1Þ½v 
n o
6 0 the thesis
follows.
Appendix D. Derivation of operator Kð1Þ½ for the proposed
benchmark
As ﬁrst, it can be deduced from the limit process (38). For a cir-
cle of radius a it holds
D2ðP; s0Þ ¼ a2 þ r2  2ar cosðuÞ; D2ðs; s0Þ ¼ 2a2ð1 cosðuÞÞ
whence:Z
F
1
D2ðP; s0Þ ds
0 ¼
Z p
p
a
a2 þ r2  2ar cosðuÞ du ¼
2ap
a2  r2 ð101ÞZ
F
s0  s
D2ðP; s0Þ ds
0 ¼
Z p
p
a2u
a2 þ r2  2ar cosðuÞ du ¼ 0 ð102ÞWith regard to the ﬁnite part of Hadamard, one has:
IðeÞ ¼ lim
e!0þ
Z e
p
1
D2ðs0; sÞ ds
0 þ
Z p
e
1
D2ðs0; sÞ ds
0
" #
¼ 2
ae
 e
6a
þ oðeÞ ð103Þ
whence
p
p
1
D2ðs0; sÞ ds
0 ¼ 0 ð104Þ
Integral 39 at q! 0þ reads:Z
F
1
D2ðP; s0Þ ds
0 ¼ 2ap
2a q
1
q
¼ p
q
þ p
2a
þ oð1Þ ð105Þ
thus c ¼ 1=ð2aÞ in view of 39 and 104. Moreover, as from repre-
sentation formula (4) and (58) the weight function reads
WCðP; sÞ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃ
2aq
2a
q
, it also holds:
@WC
@q

s
¼  1
4a
ð106Þ
Outcome (59) comes out immediately from 41 in view of (56),
(102), (104), and the identityZ
F
!ð0; s; s0Þ !ð0; s; sÞ  @!
@s0

sðs0  sÞ
D2ðs; s0Þ ds
0 ¼ 0
Outcome (59) can be deduced from the ﬁnite part of Hadamard con-
cept as in 42, rather trivially. In view of the axial-symmetry of the
problem at hand, identity 104 implies
F
Wðs0; sÞK1ðs0Þdaðs0Þ
D2ðs0; sÞ ds
0 ¼ 0
Accordingly, Eq. 42 reads
dK1ðsÞ ¼ 12
@WC
@q

s;s
 c
2
0
@
1
A K1ðsÞdaðsÞ  l1 m 3
ﬃﬃﬃﬃﬃﬃ
2p
p
8
N1ðsÞ daðsÞ
¼ K1ðsÞ
8a
 l
1 m
3
ﬃﬃﬃﬃﬃﬃ
2p
p
8
N1ðs;aÞ
 !
daðsÞ ¼ 3
2
P
pa2
1ﬃﬃﬃﬃﬃﬃﬃ
pa
p da
ð107Þ
as in Eq. (59).
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